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For all 12 10 and u 2 1’ - 61+ 3 the chromatic number is proved to be 3 for distance graphs 
with all integers as vertices, and edges only if the vertices are at distances 2,3, u, and u + 1. 
The distance graph G = G(D) has the set of all integers as its vertex set, and 
edges for every pair of integers which are at distance dj for a given distance set 
D = (d,, d2, . . .). The graph G(D) has a proper k-coloring if the vertices are 
colored by k colors so that no two vertices with the same color are adjacent in 
G(D). The minimum number of colors in all proper k-colorings of G is called the 
chromatic number x(G) =x(D) = X(d,, d2, . . .). 
If D is any 2 and 3 including subset of the set of all primes then x(D) = 3 or 4. 
it is an unsolved problem to classify these sets D whether they belong to classes 3 
or 4 (see [l-3,5]). For example x(2, 3, 5) = 4, and x = 3 for all other 3-element 
sets of primes. Moreover, x(2, 3, p, p + 2) = 4, however, in contrary to a 
conjecture in [l] prime sets with at least 4 primes and without twin primes do 
exist which imply x = 4 (see [2,5]). In [2] for p 3 7 and 1 = 4, 6 and 8 it was 
shown that x(2, 3, p, p + I) = 3 excluded only p = 11, 23, and 29 in the case 
1= 8. In this paper we prove the following theorem which was stated as 
conjecture in [2]. 
Theorem. For any 1 s 10, and any u 2 l2 - 61+ 3 it holds x(2, 3, u, u + I) = 3. 
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Proof. We consider the three periodic 3-colorings 
Ps = aabcc, Ps = aabbcc, Ps = aabccabbc, 
which are proper 3-colorings of G(2, 3) with colors a, b, c. Let 
~+:.+i=P;~=Xxl” ‘XiY1” ‘Yj 
denote the periodic 3-coloring of period i + j combined of e = x1 - - - xi and 
q=y,** . yi. Then 
Pk = PFP$PgY with k = Sa + 68 + 9y, a, B, y 2 0, 
is easily checked to be a proper 3-coloring of G(2, 3). For the period k of Pk 
every value k 3 5 is possible excluded k = 7, 8, and 13. It follows that also 
P, = prk(PkPS)s = Pk * * - P,(P,P,) * * . (PkPS) 
is a proper 3-coloring of G(2, 3) with period 
m=rk+s(k+5), r,s>O, 
where a formula of Frobenius (see [4]) guarantees every period 
mak(k+5)-k-(k+5)+1=k2+3k-4 
if (k, k + 5) = 1, that is, k f 0 (mod 5). Moreover, P,,, is a proper 3-coloring of 
G(2, 3, k + 2, k + 3) since for x = 2 and x = 3 the colors f(i) of the integers i 
fulfill 
f(i) =f(i + k) #f(i + k +x) for 1 <i c rk, 
f(i)=f(i+k+5)#f(i+k+5-x) forrk+lsism-2, 
f(m - 1) Mm -l+k+x)=a, 
f(m) = c #f(m + k +x). 
Now we choose the period m = u + I- y with y = 2 or y = 3. Then P,,, is a 
proper 3-coloring of G(2, 3, u, u + 1) since 
f(i + u) =f(i + u - (u + I- y)) =f(i - (1 - y)) #f(i), 
f(i + u + I) =f(i + u + 1 - (24 + I - y)) =f(i + y) #f(i) 
are fulfilled if 1 - y = k +x, that is, k = 1 - z with z = 4, 5, and 6. Because of 
ka5, kf7, 8, 13, kS0 (mod5) the values k=f --z cover 
125+z, I#z+7,z+8,z+13, I fz (mod5), 
that means, all I * 10 for u + I- y 2 (I - z)’ + 3(1- z) - 4, which implies u 2 
l2 - 61+ 3, and thus the proof is complete. q 
However, a complete characterization of all 4-element sets of primes with x = 4 
remains still open. So far only 7 sets (2,3,p, q) without twin primes are known: 
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(p, q) = (11, 19), (11, 23), (11, 37), (11, 41), (17,29), (23,31), (29, 37). Do there 
exist further graphs G(2, 3, p, q), p, q primes, 5 <p <q - 2, with x(2, 3, p, q) = 
4? Meanwhile, we know that there exists exactly one further such set, namely 
(23,41). 
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